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The type of an edge e in a quadrangular 3-polytope is the pair of valences of the end-vertices 
of e. To every two valence pairs U, V the cardinal@ of the family of quadrangular 3-polytopes 
whose all edges have type U or V is determined. 
1. 
By the type of an edge e in a map M is meant he ordered pair ((a, b), (m, n)) 
of non ordered integer pairs such that a, b or m, n are the numbers of edges 
incident with the end-vertices of e or with the faces incident with e, respectively. 
Maps with a restricted number of types of edges have been considered, among 
others, by Griinbaum and Motzkin [2], Owens [8,9], Grtinbaum and Zaks [3]. In 
Jendrol’ and TkaE [4] the combinatorial structure of triangular 3-polytopes with 
two types of edges has been ir-vestigated. The aim of this remark is similar one: 
For eUcry pair U = ((a, b), (m, n)), V = ((a’, b’), (m ‘, n’)) we decide whether the 
cardinality of the family of quadrangular 3-polytopes whose every edge is either of 
type U or of type V is finite or not. Our result is: 
Theorem. Let sP(a, b, c), a G c, denote the family of all tyres of quadrangular 
3-polytopes whose every edge is either of type ((a, b), (4,4)) or of type 
((b, c), (4,4)). Supposing that every M E sP(a, b, c) has vertices of all valences a, 
b and c, the cardinal&y IY(a, b, c)l of Y(a, b, c) satisfies 
(a) IY(3, b, 3)1= 1 for every b E (3,4,5); 
(b) 1Y’(3,3, c)l = i for every c E {4,5}; 
(c) (sP(3,3, d)la KO for every d E {6,7,8,9, 10); 
(d) IY(3,3, c)l = 1 for every c 2 11; 
(e) IY(3,4, c)l = IY(3,5, c)I 2 X0 for every c 2 4; 
(f) )sp(4, 3, S)l = 4: 
(g) lY(4, 3, ($1 = IY’(5, 3, c)ls rCO for every c 2 6. 
Every quadrangular 3-polytope with at most two types of edges belongs to one of 
the families mentioned. 
The proof of Theorem is given in Sections 2-8. 
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2. 
First of all observe that in a 3-polytope M with at most two types of edges, at 
most three different positive integers can occur as valences of vertices of M. This 
follows from the fact that the graph of M (i.e. the graph formed by the vertices 
and edges of M) is connected. 
‘Ihe number of triples (a, 6, c) for which ]sP(a, b, c)] # 0 is rather small, due to 
the following theorem of Kotzig [6]: Denote ei,JM) the number of edges of the 
3-polytope M whose one vertex has valence i and the second has valence j. For a 
quadrangular 3-polytope M we have 
lOe&M) + 5&3,4(M) + 2e3.#4) 2 120. (1) 
Therefore we need to investigate only the triples of positive integers (3,3, c), 
(3,4, c), (355, c), (493, c), (59 39 c), c 2 3. Obviously, we have 9’(a, b, c) = 
sP(c, b, a) and Y’(u, b, a) = Y’(b, Q, b), and therefore the number-triples men- 
tioned in the Theorem are in fact all which should be investigated. Hence it will 
be sufficient o prove statements (a)-(g) of the Theorem. 
In some parts of the proof the following corollary of Euler’s theorem on 
3-polytopes will be used: 
For a quadrangular 3-yolytope M we have 
2 (4 - i)Vi(M) = 8 
i23 
(2) 
where vi(M) denotes the number of i-valent vertices of M. 
3. Proof of (a) 
For a Spolytope M E Y’(3,3,3) we have vi(M) = 0 for i # 3. From (2) we have 
213(M) =8. The only quadrangular 3-polytope with 8 trivalent vertices is the cube. 
Since the graph of M for M E 973, b, 3), b E (4,s) is bipartite, 3v,(M) = 
k(M) holds. From (2) have v3(M) + (4 - b)v,(M) = 8. These two relations give 
Fig. 1. 
@uzdrangular convex 3-poiytopes 299 
v3(M) =4b/6- 6, Q(M) = 12/6- 6. For b =4 or b =5 we: get v3(M) =8, 
vq(M) = 6 or v3(M) = 20, v5(M) = 12, respectively. In both cases it is easily seen 
that only one 3-polytope required exists satisfying these conditions (Fig. 1). Cl 
4. 
Crucial in constructions of the polytopes required in next sections will be the 
radial map of a given planar map P. This notion is introduced as follows (cf. Ore 
[7] or JucoviC [S]). Given a planar map P we associate with P (with vertex-set 
V(P), edge-set E(P) and face-set F(P)) a map r(P) so that V@(P)) = V(P) U 
F(P); e = xy E E(r(P))(Sx E V(P), y E F(P) and x is a vertex of the face y or 
x E F(P), y E V(P) and y is a vertex of the face x.-As every edge g E E(P) is 
incident with two vertices and with two faces of P, g determines a quadrangular 
face of r(P). So for every map P, r(P) is a quadrangular map whose vertex set 
V@(P)) is partitioned into two disjoint sets. The valences of vertices in one set 
are those of the vertices of V(P), the valences of the second one are equal to the 
numbers of edges of the faces from F(P). It is not hard to prove that if the graph 
of P is 3-edge-connected and 2-vertex-connected, the graph of r(P) is 3-vertex- 
connected and therefore realizable as the graph of a 3-polytope (by the Steinitz 
theorem, see Griinbaum [l], p. 235). 
We will use the following Lemma which is implied by basic properties of r(P). 
Lemma. If P i’s a 3-polytope with a regular b-valent graph every face of which is 
an a-gon or a c-gon then r(P) E Y(a, 6, c). 
5. Proof of (b), (c) and (d) 
To 9’(3,3, c) belongs the dual of the antiprism having two c-gonal faces (Fig. 
2, the vertices A, B are c-valent; denode this polytope M(c)). First we show that 
for c 2 11 no other polytope is contained in 9(3,3, c). 
Consider a polytope M E 9’(3,3, c) - {M(c)}, c 2 4. M does not have a face 
incident with 3-valent vertices onb. Otherwise the graph of M would have a 
subgraph as drawn in Fig. 3 which is impossible from the following reasons: If all 
4 vertices A, B, C, D would be 3-valent, M would be a cube. If 3 of them would 
Fig. 2. 
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Fig. 3. Fig. 4. Fig. 5. 
be 3-valent, the fourth one would be a cut-vertex, the graph of M would not be 
3-connected. If 2 of them are 3-valent, the remaining 2 form a cut-set; the graph 
of M would not be 3-connected. One of the A, B, C, D cannot be 3-valent 
because no two adjacent vertices can be c-valent. Neither can the graph of M 
contain the subgraph drawn in Fig. 4 where the vertices A, B are covalent and the 
remaining ones are 3-valent. Assuming the contrary we get that the fourth vertex 
G of the face cyl (and the vertex H of /3J are 3-valent. Analogously the fourth 
vertex of the face cu2 determined by vertices A, F, H would be 3=valent, etc. This 
procedure leads to M = M(c)-a contradiction. 
Now associate to the polytope M two graphs G(M) and H(M). The vertex-set 
of G(M) consists of all covalent vertices of M; two such vertices are joined by an 
edge in G(M) if they are incident with the same quadrangular face of M. The 
graph H(M) is the union of the graph of M and the graph G(M). So the edge-set 
of H(M) consists of two disjoint sets: The edge-set of M (blue edges) and the 
edge-set of G(M) (red edges). Both graphs G(M) and H(M) are planar, therefore 
the notion of two adjacent edges can be introduced in the obvious way. (They are 
incident with the same vertex and face.) It follows that between two adjacent red 
edges there is at least one and at most two blue edges-all incident with the same 
(not 3-valent) vertex of H(M). The first part of this statement is obvious. To the 
second part: The existence of at least 3 blue such edges leads to the existence, in 
H(M), of a subgraph as in Fig. 5, whose vertices A, B are c-vakat and the 
vertices F, i = 1, . . . ,5 are 3-valent ; this is impossible bi earlier arguments (cf. 
Fig. 2). So in H(M) blue and red edges can occur only in subgraphs K1 and K2 
shown in Fig. 6a, b (Al, A2, A3 are not in H(M) 3-valent), the edges A1A2, 
Fig. 6. 
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A1A3, A2A3 are red, all remaining edges are blue). From the planarity of the 
graph G(M) follows that it contains a vertex of valence at most 5; in H(M) this 
vertex has valence at most 15 and in M has this vertex valence at most 10. 
Therefore to 149(3,3, c), c 2 11 belongs only the polytope M(c). Assertion (d) is 
proved. El 
Let us proceed in reasoning about the polytope M E Y(3,3, c) and the 
associated graphs. The red edges in H(M) form a triangular subgraph G(M) 
where in every triangle is either the graph K1 or K2 drawn in Fig. 6. Let D(M) be 
the dual of G(M). Its vertices are trivalent and are associated either to red 
triangles containing the graph K1 or to triangles containing K2 in Fig. 6. We call 
these last vertices nice; in the following Figs 7a, 8a, 9 they are marked by open 
circles. 
e 
a 
Fig. 7. 
b 
Fig. 8. 
b 
a 
Fig, 
b 
302 S. Jendrol, E. Jucovit 
For M E sP(3,3, c), D(M) has the following two properties: 
Property 1. Every face a! of D(M) satisfies the equality 
v(a) + o(a) = c, (3) 
where I denotes the number of vertices of Q! and o(m) the number of nice 
vertices of cy. 
Property. 2. In every D(M) there are nice vertices. 
To see the validity of (3) we consider the procedure by which D(M) was 
constructed. The face a! is associated to a vertex A of G(M) which is 
simultaneously a c-valent vertex of M. Vertices of Q! are associated to triangular 
faces of G(M) which in H(M) look either like & or like K2. A vertex of K1 
which is c-valent in M is incident with one edge of M and contains it, a vertex of 
K2 is incident with two such edges. So every nice vertex of a! represents two edges 
incident in M with the vertex A, every other vertex one such edge. Since total 
number of all edges incident with A is c and v(a) represents the number of all K1 
and K2 apprearing at A and O(U) represents the number of the K; (which 
contribute to the valency of A by 2 each), (3) is demonstrated. The existence of 
nice vertices in D(M) is implied by the fact that in M there exist edges both 
end-vertices of which are 3-valent. 
Let c = 4. Then there exists a unique trivalent multigraph having both 
properties mentioned above. It is the multigraph in Fig. 7a. The graph of the 
associated polytope M E 9(3,3,4) is drawn in Fig. 7b. Together with M(4) it 
proves (b) for c = 4. 
Let c = 5; M(5) belongs to sP(3,3,5) and we look for M E sP(3,3,5) - {M(S)}. 
As D(M) has both properties mentioned above all its faces have at most 5 edges 
and at least one face is a triangle or a quadrangle. It is easily seen that there are 
no triangles. So there is a quadrangle with a nice vertex which, because of its 
nicety, is incident with other two quadrangles. This leads to the graph of the cube 
with two nice vertices (Fig. Ba). In Fig. 8b is drawn the associated graph of M. 
The assertion (b) is proved. 0 
Infinite families of non-isomorphic 3-valent 3-polytopes containing only tri- 
angles and hexagons or d-gons, d E {8,9,10} are described in Grtinbaum and 
Motzkin [2] or Owens [B], respectively. An application of the Lemma completes 
the proof for d E {6,8,9,10}. It remains to prove (c) for d = 7. 
We will not construct directly the M E .Y(3, 3, 7) but an infinite series of graphs 
which can serve as the D(M). Such a D(M) is constructed when to the “belt” in 
Fig. 9a is added from one side the cap in Fig. 9b and from the other side an equal 
cap. Above was described the procedure for forming, to a given M, its D(M); the 
reverse construction is then straightforward. Clearly, any number it 3 2 of belts in 
Fig. 9a can be joined together to get non-isomorphic members of sP(3,3,7). Cl 
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6. Proof of (e) 
To every c 2 4 first an infinite family of 4-valent 3-poly-topes is constructed 
containing triangular and c-gonal faces only. We begin with the antiprism having 
two C-gonal faces. Its four triangular faces are changed as shown in Fig. 10. (The 
number of zigzags is chosen so that Q! and /3 become c-gonal.) Another quadruple 
of triangles is employed to insert two .more c-gons in the map (polytope) etc. 
Then Lemma is applied to conclude the proof of (e) for Y(3,4, c). 
For Y(3,5, c), to every c 3 4 we Grst construct an infinite family of S-valent 
3-polytopes having triangular and c-gonal faces only. (Cf. Jucovic [5] p. 79). Take 
two adjacent riangular faces of a (c + I)-gonal pyramide P and decompose one 
of them by (c - 1) edges into triangles as marked in Fig. lla. We get a polytope 
PI having two c-gonal faces and two covalent vertices. Clearly, this procedure can 
be repeated arbitrarily many times to obtain polytopes having any number n 2 2 
of c-gons and n covalent vertices. With the map PI perform the proadure shown 
in Fig. llb. It replaces every edge by a quadrangle and every c-valent vertex and 
every c-gonal face by a c-gonal face. Every vertex of the polytope P2 reached is 
4valent. Now, because of the orientability of the boundary of P2, every 
quadrangular face associated to an edge of PI can be decomposed by a diagonal 
into two triangles so that a planar map PO consisting of triangular and c-gonal 
faces only and having a regular §-valent graph appears. An application of the 
Lemma completes the proof of (e) for sP(3,5, c). 0 
Fig. 10. 
b 
Fig. 11. 
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7. Proof of (f) 
Associate to M E S(4,3,5) a graph y(M) as follows: Vertices of y(M) are 
trivalent vertices of M, two vertices of y(M) are joined by an edge if they are 
associated to vertices belonging to the same face. Clearly y(M) is 3-valent and 
3-connected (therefore realizable as the graph of a 3-polytope which we denote 
y(M), too); its faces are either quadrangles or pentagons. Moreover si = 
si(y(M)) = Vi(M) for all i 3 4. (S,(P) denotes the number of i-gonal faces of the 
3-polytope P.) Therefore the number of polytopes (types) in the family Y’(4,3,5) 
equals to the number of planar maps with 3-valent 3-connected graphs containing 
quadrangles and pentagons only. 
For M we have 3v3(M) =4v,(M) +&(M), and from (2) follows us(M) - 
us(M) = 8; from both these equalities we get 2v,(M) + us(M) = 12, and it follows 
that 
234+sg=12. (4) 
As Si + 0 for i E (4,s) the Eq. (4) has five solutions in positive integer pairs 
(Q, ~5)~ namely ((1, lo), (2, g), (3,6), (4,4), (52)). 
There is no 3-valent 3-polytope having one quadrangular and 10 pentagonal 
faces (cf. Grtinbaum [l] p. 268). A detailed but boring analysis shows that to 
every of the remaining 4 couples there exists precisely one trivalent 3-polytope 
having those numbers of i-gons, i E {4,5}. They are drawn in Fig. 12. (We do not 
show the polytopes M E 9(4,3,5) because the drawings are complicated.) El 
Fig. 12. 
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Fig. 13. 
%-% 
a 
Fig. 14. 
b 
8. proof of (g) 
It is very easy to construct an infinite family of mutually nonisomorphic 
trivalent 3-polytopes having quadrangular and c-gonal faces only and an 
analogous family whose polytopes have only pentagonal and c-gonal faces. For 
example, take a triple of quadrangles in a c-gonal prism, c 2 6, and decompose 
the middle quadrangle into c - 3 quadrangles as shown in Fig. 13. A member of 
the required family is reached. The procedure described can be repeated 
arbitrarily many times. Now apply the Lemma to this series to prove (g) for 
yP(4,3, c), c 3 6. 
For 9’(5,3, c), c 3 6, arrange first all side-faces of a c-prism as marked in Gig. 
14a; then change a quadruple of pentagons in it as shown in Fig. 14b. This 
modification can be repeated arbitrarily many times. Now the Lemma is applied 
to conclude the proof of (g). Cl 
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